We discuss the density-density response functions and the collective excitation spectrum for the extended Hubbard model with on-site attraction and arbitrary electron density, in the superconducting ground state. For the short-range intersite interaction we find the sound wave-like modes with the velocity interpolating smoothly between the weak (v 2Zt, |UD <2Zt) and strong coupling (v > 2Zt) limits. The latter agrees with the results obtained from an effective pseudospin Hamiltonian valid in the strong coupling limit. In the weak coupling regime, we obtain that apart from a commensurate charge density wave instability, an increase in the intersite Coułomb repulsion can give rise to a charge density wave incommensurate with the lattice period, away from half-frlling. The ground state phase diagram for 2D square lattice, including singlet superconducting ground state, electronic droplet formation, and charge density waves is determined. It is also shown that the energy of collective excitations evolves smoothly from weak to strong coupling limit for a 2D lattice, in the case of a long-range Coulomb interaction. Finally, the mode coupling effects in the frequency behavior of the density-density response functions are analyzed.
I. Introduction High-temperature superconductors (HTS) (the cuprates, doped bismuthates and fullerenes) generally exhibit low carrier density, a small value of the Fermi energy (cx 0.1-0.3 eV), short coherence length ξ0 and they are extreme type-II superconductors. The estimates based on the Fermi liquid theory yield ξ0kF [5] [6] [7] [8] [9] [10] (for 1-2-3 cuprates and fullerenes) which indicates that in contrast to a weak coupling BCS theory, the size of a pair is of order of interparticle distance and that all carriers can be involved in the pairing. Moreover, for many high-Tc materials, regardless of a specific microscopic mechanism leading to pairs, there are several univer8al trends in the Tc versus condensate density dependence, the Tc dependence of the pressure and the isotope effect coeffIcient. These features of high-Tc materials support the models with short-range, nonretarded attraction (see Ref. [1] for a review and [2] ).
One of the central questions regarding the physics of HTS is understanding the evolution from a weak coupling limit of large Cooper pairs to the strong coupling regime of small local pairs with increasing coupling constant and description of intermediate (crossover) regime.
The simplest model of general interest is the extended Hubbard model with on-site attractive interaction [1, 3, 41 , defined by the Hamiltonian
In above: tjm, Wjm, denote hopping integral and intersite density-density interaction, respectively, between sites j and m; U is on-site (attractive, U < 0) Hubbard interaction, μ -the chemical potential, N, NS -the number of electrons and lattice sites, respectively. It is a nontrivial model of fermions on the lattice which describes transition from weak coupling BCS-like superconductivity to the strong coupling superconductor, where the superconductivity results from the condensation of hard-core composite charged bosons and is similar to superfluidity of 4 HeII [1, 5] . Such a model has been considered as an effective model of superconductivity in CuO 2 planes [1, 5, 6] , of doped BaBiO 3 [1, 7] and fullerenes [8, 9] . For 2Zt <W|, i.e. small bandwidth, one has a system of local electron pairs which can undergo superfluid transition to the superconducting state with short coherence length ξ0 (~ size of electron pair function). In the opposite limit of large bandwidth, 2Zt >> the model exhibits a superconducting state of BCS-type with strongly overlapping electron pairs. In this paper we discuss the density-density response function and collective excitation spectum of the extended Hubbard model over the superconducting ground state for arbitrary electron concentration [10] . These collective modes are related to fluctuations of electron density and the phase of the superconducting order parameter and they can play a role in thermodynamic and spectral properties of the system. Experimentally, spectroscopies such as electron-energy loss experiments can give a direct measure of these modes. We used the diagrammatic perturbation theory to calculate the density-density response function in the random phase approximation (RPA). The collective excitations at T = 0 K are analyzed in both weak coupling and strong coupling limits and it is shown that they smoothly interpolate between the limits, for short-and long-range intersite Coulomb interaction. From numerical analysis of the collective modes in 2D square lattice, we determined the ground state phase diagram of the system for nearest-neighbor Coulomb interaction. Finally, the effects of long-range Coulomb interaction and general frequency behavior of the density-density response function are discussed.
Random phase approximation for response functions
Energies of collective modes related to electron density oscillations are given by the poles of density-density response function [11] :
where p σq denotes the Fourier component of an electron density operator niσ = ci †iσciσ with spin σ.
The response functions have been evaluated by means of diagrammatic method in the Nambu formalism [10, 12] . For the time-Fourier transform of the density-density response function one obtains formally exact result where q = (q, ω) and Wq is the spatial Fourier transform of W. The polarization part /I(q) evaluated in the generalized RPA has the following form [10] :
E k = √λ2k + ∆2 is a quasi-particle excitation energy, λk = εk - The polarization part Π(q, ω) is a real quantity provided that ω < mink(Ek+ Ek+q ) where the last quantity determines a boundary of a quasi-particle continuum. Below this boundary and for small q, ω, we obtain 3. Collective modes in the system with short-range intersite interaction
Evolution of collective excitations spectrum
In the case of long-wave excitations and a short-range interaction (W0 < oo) the collective modes make a gapless branch Ω2 = υ 2 q2 with velocity υ given by
The existence of this acoustic branch follows from finite range of interaction in the system and continuous degeneracy of the superconducting ground state and exemplifies a nonrelativistic Goldstone theorem [14] . For a quadratic dispersion of the one-electron spectum, Eq. (15) leads in the weak-U limit to the result closely resembling a weak-coupling formula of Anderson for BCS superconductor [15] :
where d is the lattice dimension and N(εF) is the density of states per spin at the Fermi level. In general, the velocity of the collective modes as a function of U, goes smoothly from the value of order of the bandwidth, for |2Zt/U1 > 1, to the result of the strong coupling theory (the Bogolyubov mode) [1] which is based on an effective Heisenberg Hamiltonian exact (for |t/U| << 1) up to terms of order t 2 /| U| :
(W is the nearest neighbor (NN) interaction). This conclusion has been reached analytically in our previous work [13] (see also [10, [16] [17] [18] ) to hold for all alternating lattices. The fact that RPA interpolates smoothly between the two limíts is related to an analogous behavior of the Hartree-Fock (BCS) ground state [3, 19, 10] above which the collective modes are created in the present theory. Thus, we conclude that there is no sharp distinction between the weak-and strong coupling superconductivity in the negative-U Hubbard model at T = 0 K.
The overall q-dependence of Ωq depends on electron band filling and it has been discussed in detail by us in Ref. [10] (see also [18] ). For n = 1 and Wq = 0, Ωq plot displays the complete softening of the collective excitation branch for q M = π,π)f o r a r b i t r a r y U .
This reflects the degeneracy of the superconducting s-wave state and a commensurate charge density wave (CDW) state which is the exact property of the simple Hubbard Hamiltonian for the half-filled band. As n starts to depart from unity, the absolute minimum at q = M turns to a local one, then at some critical electron density (n = 1 -1 √ 3 / 3 i n t h e s t r o n g | U | l i m i t ) it changes to a local maximum. The exact energy of the collective mode for this particular wave vector is given by Ωq = U -2μ, as a result of the pseudospin symmetry of the Hubbard Hamiltonian [10] . citation energy is then of order υ α t 2 /|0 which is far below the boundary of the quasi-particle excitations continuum, mink (Ek + EL >2∆ ≈ | U | . T h e picture changes in the weak-coupling limit. The boundary of quasi-particle continuum decreases whereas maximum value of Ωq increases with decrease in |0 and finally the dispersion curve of Ωq sticks to the continuum. Figure 1 shows the evolution of the excitation spectrum with increasing U in the absence of intersite Coulomb interaction. For weak coupling there exists some critical value of q, qc ≈ π ∆ / ħ υ F , f o r w h i c h t h e c o l l e c t i v e m o d e r e a c h e s t h e one-particle continuum and for q > qc but close to the zone boundary there is a splitting of the mode (Fig. 1a) . In this case the pair breaking excitations will dominate thermodynamics. With increasing |U|, in the crossover regime, there is a qualitative change in the spectum and the collective mode splits from the continuum for all q (Fig. 1b) . In this crossover regime we expect mode coupling effects and low-temperature thermodynamics will be determined by both pair breaking excitations and collective modes. Finally, for large |U|, the collective mode approaches the strong coupling theory result of Eq. (18) in the pair Bose condensation regime, and it will drive superfluid transition (Fig. lc) . The approximate boundary between the BCS and pair Bose condensation regimes can be located within the HFA from the requirement that the chemical potential reaches the bottom of the band, and it is shown in Fig. 2 .
Instability with respect o CDW
For a critical value of Wq depending upon the 'UPI ratio and the electron Softening at qc = Mmeans that the simple s-wave state becomes unstable with respect to formation of the commensurate CDW. In a resulting ground state electron charge density alternates along lattice directions, and the superconducting order parameter is still non-zero [3] . The situation is however different in the small-U limit where the critical value of the wave vector depends almost linearly on electron density. From Eq. (3) the WO can be determined as an absolute minimum in the BZ of a function
We thus find an instability of singlet superconducting state toward a new superconducting state accompanied by the incommensurate CDW for W0 > W. Appearance of the incommensurate CDW is a novel feature of a phase diagram of the extended Hubbard model which has not been previously discussed. For the negative W0 the system is unstable toward a phase separation or electron "droplet" formation. With increasing |W0| the velocity υ decreases and upon reaching a critical value of W0 = We it becomes imaginary for |W0| > |Wd0 indicating instability of the superconducting state.
Our RPA analysis of the energy of Ωq allows us to determine boundaries separating the simple s-wave superconducting phase and the other discussed phases in the whole range of n and |t/U|. The resulting phase diagram for the NNSQ lattice with Wq = 1/2W0[cos(kx) cos(ky)] is shown in Fig. 3 . As one can see, the present results are very close to those obtained within the strong coupling theory already for |U/2Zt| = 1.25. In the weak-coupling limit the phase diagram is qualitatively improved by including incommensurate CDWs as compared to that given by the simple Hartree-Fock theory [3] .
Effects of long-range Coulomb interactions
It is well known that in the long-wave limit the long-range Coulomb interactions push the collective modes up to a region of ordinary plasma oscillations (Anderson [15] ). This result is valid for isotropic 3D systems and it can easily be seen from our general expressions for the response function Eqs. (3)-(9). The 1/q 2 divergence of the Fourier transform of the intersite Coulomb term Wq = 4πe2 / q2 , is canceled by q2 term in the numerator of the polarization part (Eq. (12)) leading to a constant term in the denominator of the response function (Eq. (3)) in the limit | q| -› 0. As a consequence the response function can have a divergence for a finite value of co only.
In the strictly 2D system the Fourier transform of the long-range term changes to Wq = 2πe2 / |q| which no longer cancels q2 term in the numerator of Eq. (12) . As a result, one has an "acoustic" plasmon branch with a square-root dispersion
For the quadratic one-electron dispersion and ∆ -› 0 our calculations reproduce familiar result for 2D interacting electron gas This extends our conclusion about a continuous transition between weak-and strong-U limit to the case of the long-range intersite interactions. Finally, in the particular case of NNSQ lattice we derive a simple explicit formula for Ωq which interpolates between the two limits
2D lattice and 3D Coulomb interaction
Let us consider now a system of 2D layers with the isotropic long-range Coulomb interaction within the layers and between them -which is roughly the case of the copper-oxide superconductors. If the interlayer hopping is negligibly small, the polarization function does not depend on ql (the component of q perpendicular to the plane) and takes the following form:
The Coulomb potential can be approximately represented by Wq = 4 π e 2 / ( 2 | | + 1 2 ┴ ) .
In such a case, for q|| < q ┴, the density-density response function may have a pole inside the superconducting gap, and where L = L(0), M2 = M2(0). This conclusion is in agreement with Fertig and Das Sarma [211 The interplanar hopping will try to move the collective mode out of the gap. There will be a critical value of interplane-tointraplane hopping ratio for which the density oscillations with finite q l and q|| → 0 w o u l d b e p u s h e d o u t from the gap. This is a highly interesting case involving strong competition of pair breaking excitations and collective modes with relevance for superconducting superlattices.
Frequency dependence of the density response function_
In this section we report our recent numerical results concerning the full frequency dependence of the density-density response functions in the presence of intersite Coulomb interaction at T = 0 K for the case of 2D 1attice with tjght binding spectum.
There are three different domains of the frequency dependence of П(q, ω):
i) For ω < mink (Ek + Ek+q), i.e. below the one-particle continuum boundary, all components of the zeroorder response function (Eqs. (6)- (9)) are real functions of the frequency and so is the density response function (given by Eqs. (3), (4)). At the singularity point im П (q, ω) exhibits the δ-like divergence corresponding to the appearance of the collective mode with given wave vector q, which describes coherent phase and electron density oscillations. In this frequency range the collective mode can propagate without damping for T = 0 K.
ii) For mink (Ek + Ek+q) < ω < maxk (Ek + Ek+q), the zeroorder response functions possess non-vanishing imaginary contributions, which can be com; parable to the real ones. The collective modes can no longer propagate without damping and dissolve into pairs of one-particle excitations.
iii) For ω > maxk (Ek + Ek+q), i.e. above the one-particle continuum, the collective mode can again propagate without damping, very much like the ordinary plasmon excitation in the normal phase.
In our numerical calculations we treated the frequency as a complex number having small imaginary component, iδ. Such a procedure allows to avoid problems with reaching zero in denomination of the expressions for the zeroorder response functions for ω falling inside the one-particle continuum [22] . The numerical values of b were adjusted to a limit below which the overall shape of ω-dependence of the response functions did not depend substantially on δ.
The representative results of our computations are presented in Fig. 4 . The different values of the Coulomb parameters can correspond to the various values of the component of the wave vector perpendicular to the plane, if a model of 3D Coulomb forces in the system of the interacting layers (following Fertig and Das Sarma [21] ) is adopted.
Let us consider first the case of zero intersite Coulomb repulsion. The imaginary part of the full response function remains vanishingly small for ω < 2 ∆ with the exception of the vicinity of ω = ωq ≈ 0.1 where a strong δ-like peak is seen.
(The finite width of the peak results here from keeping a small imaginary part of ω, as it was explained above.) The real part of П exhibits a 1/(ω -ωq) divergence which is typical of the behavior of the response function in the vicinity of the well-defined collective mode with an infinite lifetime. The peak of ImП has a considerable spectral weight and apparently dominates over the rest of the spectum. After crossing the continuum boundary for ω = 2∆ , ImП raises abuptly and then it becomes a monotonuous function of the frequency up to a particular (q-dependent) value of ω where it displays a van Hove like singularity and next decreases steadily with ω [23, 21] . Finally, it vanishes upon crossing a second boundary of the one-particle continuum. The above picture changes gradually once we turn on the intersite Coulomb repulsion W. The increase in W results in a shift of the peak position of the collective mode towards the region of higher energies (see also Eq. (15)). The energy of undamped collective mode ceases to increase upon reaching the vicinity of the one-particle continuum, where the spectral weight of the mode quickly decreases with subsequent increase in the Coulomb repulsion. At the same time the substantial part of the spectral weight of Im П is moved to the domain of one-particle excitations. Moreover, with further increase in the Coulomb repulsion, a prominent maximum begins to raise well inside the continuum. From observation of the corresponding change of sign of Re П near the center of this maximum, we can associate this feature with a damped collective mode. In other words, as a result of the interactions between the coherent oscillations of the electron density and the one-particle excitations, we observe a splitting of the spectum of the collective modes into the undamped part, staying slightly below the continuum boundary and the strongly damped mode formed at some distance above the boundary.
A reason for the discussed behavior of Im П in the domain of the one-particle continuum can be traced back to a specific frequency dependence of the polarization part П. One has, in particular where Vq = U/2 + Wq . For the ImП(q,ω) to develop a well-defined peak, not only ReП should be equal to 1/Vq , but also ImП should be significantly less than the real part. In the region between the van Hove singularity and the lower one-particle boundary, ImП(q, ω) is comparable to Re П(q, ω) and thus vanishing of (1-VqReП(q, ω)) has not a great impact on the value of denominator of П(q, ω).
After crossing the van Hove singularity point, ImП (q, ω) begins to decrease rather quickly and the relatively narrow peak corresponding to a collective mode can appear.
Our conclusions regarding mode coupling effects result from strongly non--monotonous frequency dependence of the polarization function and we expect them to be valid beyond the RPA treatment. It would be of interest to extend the above analysis of charge response functions to the case of superconducting superlattices with anisotropic Coulomb interaction and interlayer couplings.
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